We present a few results and problems related to spaces of continuous functions with the topology of pointwise convergence and the classes of LΣ(≤ ω)-spaces; in particular, we prove that every Gul'ko compact space of cardinality less or equal to c is an LΣ(≤ ω)-space.
The composition of two multivalued mappings : X → Y and : Y → Z is defined by the rule ( • )( ) = ( ( )). A multivalued mapping : X → Y is upper semicontinuous if for every open set V in Y the set { ∈ X : ( ) ⊂
} is open in X , or, equivalently, if for every point in X and every neighborhood V of ( ) in Y there is a neighborhood U of in X such that (U) ⊂ V .
It is well-known that the composition of compact-valued upper semicontinuous mappings is compact-valued upper semicontinuous. In fact, it is easy to prove that a mapping is compact-valued upper semicontinuous if and only if it is the composition of a continuous single-valued function, the inverse of a perfect mapping and the inverse of a closed embedding (see, e.g., [6] ). In particular, the image of a Lindelöf space under an upper semicontinuous compact-valued mapping is Lindelöf.
Let be a cover of a space X . A family of subsets of X is called a network modulo if for every element K of and a neighborhood U of K , there is an element N of such that K ⊂ N ⊂ U [7] .
A space X is a Lindelöf Σ-space [7] if there is a compact cover of X and a countable family of subsets of X which is a network modulo , or, equivalently, if X is an image under a compact-valued upper semicontinuous mapping of some second-countable space.
Given a class of compact spaces, a space X is called an LΣ( )-space [6] if it satisfies one of the following equivalent conditions:
There is a second-countable space M and a compact-valued upper semicontinuous mapping : M → X such that (M) = X and ( ) ∈ for each ∈ M;
or There are a compact cover of X such that K ∈ for every K ∈ and a countable network modulo in X . X is an LΣ(≤ κ)-space if it is an LΣ( )-space where is the class of all compact spaces of weight at most κ. For finite κ, the weights of images of points and of the elements of the compact covers in the above characterizations can be replaced by the cardinalities. It is easy to see that LΣ(≤ 1)-spaces are exactly the spaces of countable network weight. The class of LΣ(≤ 2)-spaces includes the Double Arrow space, the one-point compactifications of Ψ-like spaces, and the one-point compactifications of all spaces that admit a continuous bijection onto a second-countable space [3] , in particular, the one-point compactifications of uncountable discrete spaces of cardinality less or equal to c. Assuming MA(ω 1 ), all scattered compact spaces of height 3 and cardinality ω 1 are in LΣ(≤ 3) [6] . The compact LΣ(≤ ω)-spaces were studied in [13] where they were called weakly metrizably fibered spaces.
Tkachuk proved in [13] that every Eberlein compact space of cardinality at most c is an LΣ(≤ ω)-space. It is shown in [6] that this does not hold for Corson compacta. The main result of this article is that the statement is true for Gul'ko compact spaces.
Some properties of LΣ(≤ κ)-spaces
We start with some general facts about the classes of LΣ(≤ κ)-spaces, which we will need further. Lemma 2.1. 
Then is compact-valued upper semicontinuous.
Proof. Let 
Corollary 2.4.
Every Lindelöf Σ-space of cardinality at most c with one non-isolated point is an LΣ(≤ 2)-space.
Indeed, every such space admits a continuous one-to-one mapping into the one-point compactification A(c) of the discrete space of cardinality c, which is an LΣ(2)-space (as a continuous image of the Alexandroff double circle; see [6] ).
Recall that the Alexandroff double AD(X ) of a space X is defined as the space X × {0 1} with the topology in which all points of X × {1} are isolated, and basic neighborhoods of points ( 0) are of the form (U × {0 1}) \ {( 1)} where U is a neighborhood of in X (see [4] ).
Corollary 2.5.

Let X be a Lindelöf Σ-space of cardinality at most c with one non-isolated point. Then X is a continuous image of AD(M) for some second-countable space M.
Proof. Let T be a second-countable space and an at most 2-valued upper semicontinuous mapping of T onto X .
Let ∞ be the non-isolated point of X , and T 0 the set of all points of T such that ∞ / ∈ ( ). Then X 0 = (T 0 ) is a Lindelöf subspace of X \ {∞}, hence is at most countable. Choose an arbitrary mapping from the discrete space AD(ω) onto
Define a mapping : AD(T 1 ) → X as follows. Put ( 0) = ∞ for all ∈ T 1 . If ( ) = {∞ } for some ∈ X , then put ( 1) = .
Clearly, X 1 ⊂ (AD(T 1 )), and (U × {0 1}) = (U) for any U ⊂ T 1 . This together with the upper semicontinuity of and the definition of the topology of AD(T 1 ) implies the continuity of . Now = ⊕ is a continuous mapping from AD(M) onto X where M = ω ⊕ T 1 .
Some LΣ(≤ ω)-spaces of continuous functions
Tkachuk proved in [13] that every Eberlein compact space of cardinality at most c is an LΣ(≤ ω)-space (in his terminology, a weakly metrizably fibered space). Every Eberlein compact space of cardinality ≤ c embeds into C (K ) where K is an Eberlein compact space of cardinality ≤ c, so the next statement is a slight generalization of Tkachuk's result.
Theorem 3.1.
Let K be an Eberlein compact space such that |K
Proof. Note that an Eberlein compact space has cardinality less or equal to c if and only if its weight is less or equal to c. It is a well-known fact (which probably first appeared in print in the proof of Theorem 15 in [11] ) that every Eberlein compact space of weight κ is a continuous image of a zero-dimensional Eberlein compact space of weight κ.
Let K 0 be an Eberlein compact space of weight ≤ c such that K is a continuous image of K 0 . Then C (K ) embeds as a closed subspace into C (K 0 ) (by virtue of the dual mapping), so it is sufficient to prove the statement of the theorem assuming that K is zero-dimensional.
So suppose K is a zero-dimensional Eberlein compact space of cardinality ≤ c. Then C (K 2) has network weight at most c and is σ -compact (see, e.g., Lemma 2.7 in [10] ). Thus, C (K 2) is a countable union of Eberlein compacta of cardinality ≤ c. By the theorem of Tkachuk and the σ -additivity of the class of
the union of countably many subspaces homeomorphic to C (K I), so it is an LΣ(≤ ω)-space.
Theorem 3.2.
Let T be a space with a countable network. Then C (AD(T )) is an LΣ(≤ ω)-space.
Proof. Let For every : T → I let¯ be the function on AD(T ) such that¯ ( 0) =¯ ( 1) = ( ) for all ∈ T . Obviously,¯ is continuous if is continuous.
Note that a set A × {1} in AD(T ) is closed if and only if A is closed and discrete in T . Indeed, if 0 is a limit point of A in T , then ( 0 0) is a limit point for A × {1} in AD(T ). In particular, every such set is at most countable.
Let be the set of all sequences of disjoint subsets of 
Let us verify that C (AD(T ) I) = { C ( D) : ∈ C (T I) D ∈ }.
Suppose ∈ C ( D) for some ∈ C (T I) and D ∈ . Let 0 ∈ T ; we will verify the continuity of at ( 0 0) (the point ( 0 1
) is isolated in AD(T ), so no verification is necessary there). By the definition of C ( D), ( 0) =¯ ( 0)
. Let ε > 0, and let ∈ ω be such that 2/ < ε. Since ∈ C ( D), the set of all points of AD(T ) where differs by more than ε from the continuous function¯ is contained in the union of the first members of the sequence D, that is, in a discrete clopen subset of AD(T ). It follows that the preimages under and¯ of ( ( 0 0) − ε ( 0 0) + ε) differ by a clopen discrete set not containing ( 0 0), so the preimage under is a neighborhood of ( 0 0). Thus, is continuous at ( 0
0). This proves the inclusion { C ( D) : ∈ C (T I) D ∈ } ⊂ C (AD(T ) I).
To verify the inverse inclusion, suppose ∈ C (AD(T ) I). Put ( ) = ( 0), then ∈ C (T I). The function −¯ is continuous and is equal to zero on T ×{0}. Hence, for every ∈ ω, the set F = { ∈ AD(T ) : 
Let U be an open neighborhood in C (AD(T ) I) of C ( D) for some ∈ C (T I) and D ∈ . Fix an open set
U 1 in I AD(T ) so that U = U 1 ∩ C (AD(T ) I). Put C ( D) = ∈ R AD(T ) : | ( ) −¯ ( )| ≤ 2 + 1 for all ∈ D( ), ∈
ω and ( ) =¯ ( ) for all ∈ AD(T ) \ E(D)
is a neighborhood of C ( D) in C (AD(T ) I) contained in U, so it remains to find an element of that contains C ( D) and is contained in W .
For each ∈ F find B ∈ and R ∈ so that ( ) ∈ B ⊂ ( ( ) − ε ( ) + ε), ∈ R and R ⊂ −1 (B ). 
Therefore, ∈ N, and the proof that C (AD(T ) I) is an LΣ(≤ ω)-space is complete.
The statement that C (AD(T )) is an LΣ(≤ ω)-space now follows from the fact that C (AD(T )) is homeomorphic to C (AD(T ) (−1 1)), a subspace of C (AD(T ) I), Corollary 2.2, and the following lemma: Lemma 3.3. It follows from Corollary 2.5, Theorem 3.2, Corollary 2.2, Corollary 2.11 in [9] , and the observations that if X is zerodimensional, then X is homeomorphic to a subspace of C (C (X 2)) and that a continuous mapping of AD(M) onto X induces an embedding of C (X ) into C (AD(M)).
If the network weight of T is countable, then C (AD(T )) is a Lindelöf
The authors do not know if the condition "C (X 2) is a Lindelöf Σ-space" in the last corollary can be omitted: Problem 3.5.
Is it true that C (X 2) is a Lindelöf Σ-space for every Lindelöf Σ-space of cardinality ≤ c with one non-isolated point?
In particular, Problem 3.6.
Is it true that every Lindelöf Σ-space of cardinality ≤ c with one non-isolated point is an image under a quotient mapping of AD(T ) for some space T with (T ) ≤ ω?
Gul'ko compact spaces
The next statement is Theorem 3 in [12] .
Theorem 4.1.
Let K be a Corson compact space. Then there are closed subspaces S , ∈ ω, of C (K ) such that for every ∈ ω, S \ {0} is discrete, and the set S = { S : ∈ ω } separates points of K .
Recall that for a space X and a subspace Y of C (X ), the reflection mapping Ψ X Y : X → C (Y ) is defined by the rule:
The mapping Ψ X Y is always continuous, and is one-to-one if and only if Y separates points of X . In particular, if X is compact, and Y separates points of X , then Ψ X Y is an embedding (see [2] ).
Two spaces X and Y are called M-equivalent if the free topological groups in the sense of Markov over X and Y are topologically isomorphic, and -equivalent if C (X ) and C (Y ) are homeomorphic. M-equivalence of two spaces implies their -equivalence; the following fact was proved in [8] .
Theorem 4.2.
Let R be a retract of a space X . Then the spaces X + and (X /R) ⊕ R are M-equivalent.
Here X + is the space obtained by adding to X an isolated point, and X /R is the partition of X into R and singletons of X \ R endowed with the real-quotient topology. The latter coincides with the quotient topology if the quotient topology is completely regular [8] . Proof. Since every Gul'ko compact space is Corson, we can choose the subspaces S and S of C (K ) as in Theorem 4.1. Since (C (K )) = (K ) ≤ c (Theorem I.1.3 in [2] ), the cardinality of S is at most c. By virtue of the reflection mapping, K is homeomorphic to a subspace of C (S). Since the sets S are closed in C (X ), each of them is a Lindelöf Σ-space.
Let T = { S : ∈ ω } and : T → S be the direct sum of the embeddings S → S. Then maps T onto S; obviously, T + also has a continuous mapping onto S. The dual mapping embeds C (S) into C (T + ), so K is homeomorphic to a subspace of C (T + ).
The set R of all non-isolated points of T is countable, discrete, and is a retract of T . By 
Every Gul'ko compact space of cardinality ≤ c is an LΣ(≤ ω)-space.
A natural question that arises in connection with Theorem 3.1 is
